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I closed

Teorem (Nguyen-Schlenker-S .
125 T orientable

↓ surface

If a complete hyperbolic manifeld (M = I = IR ,
h)

minima surface
is weakly almost - Fuchsian , ~Exes With principal

corratures in E1 . 17
they it is nearly - Fuchsian I

- closed (not minimal]
-

surface with principal

F curratures in (-1
,
17



Teorem (Nguyen-Schlenker-S .
125)

Let (M
,

h) be a hyperbolic manifold ,

let ScM

be an embedded
,
orientable

,
two-sided closed minimal

surface with principal curratures in [-1 , 17.

then any neighborhood U of S in M

contains a (non-minimal) surface with

principal curratures in (-1
.
1).



E: s

Find a "magic" function fot
* (S

,

1)

such that

S
+f

: = S expp( +fN(p>) /pes3 o
has principal curratures in -1

.
1) for small t.7embedded for

smalle



A little bit of differential geometry
-

Recall I = first fund .
form

I = second fund , form

B = - DN = shape operator

Wergarten equation : 1 (X
,
Y) = I (B(X)

,

Y)

Principal curvatures are the egenvalues of B
denoted 1 +20

,
1 10 S minimal :

d = -x +

Introduce : 11 IIII" = trB2 = ( + 12 + (d) " = 22+ 12
Principal curvatures in [-1 ,17 IIIIII"2



shape operator for Sef 11, 17 -Messian
-=He

= HessEf at peS such that

11 I (p) Il
2

= 2

20 .27 - Hossian B - (
- 1) B= id

↓

(D.f) (x ,
Y) = [ (Hessf(x)

,
Y)

af 1
= .

**+(p) = (7
*df((e (p)

,
e
+
(p)

Ce+, e-) orthonormal frame ,
BleF) = d + eF



Denete Z = 3 ptS/IHpill = 23
.

G : Construct fot
* (S) such that :

(M5df) (e = (p)
,
etcp)) = F1

for every pez

Good we only care
Intermediate step :

about the entwes

understand the
on
the diagonal

structure of Z
Mdf = (*)



Pop E consists of a ver of

(finitely many) points and simple closed
curves .



Half-translation structures for minimal surfaces
intere

Recall : given S minimal surface , (E ,
#),

# = Re(g)
,
a X-holomorphe quadratic

1 differential
[I]

locally
9
= g(widw2 =

dz2 z is a determination

away from of c)
zeros



dz2

-> 24

ESez

y(z) = 1z + 2 half-translation

~ Well-defined Evalidean metric on S139 = 03
Idz12

I come singularities at zeros of 9)



In auch a chart z = Xiy,

I = e
2
(dx2+ dy")

# = Re(dz) = dx - dyz ~(0 )

I Ink n = 0B = I-In2)
& z = (n =0

andn solves the Gauss' equation
ki = - 1 + det B

- e (u = - 1 - e
-44

Du = I cosh (2u) cosh-Gordon equ



Revisitedgoal :

Construct fetO(S) such that ,
around E and in "flat" coordinates E,

fxx = - 1 fyy = 1

Rusk We can use the Euclidean Hessian
-

at peE
,
Tdf = Dif
T t T(p) = 0

Renaunian Endidean
Hession Hessian



Pop E consists of a ver of

(finitely many) points and simple closed
curves .

if : Z = SIE12= 23 is the level set

of an analytic function

=>n/Lojasienca's
Theorem point curve

vertey

But z = 3u = 03[3 du =03
=

and Qu = 2cosh (2u) > 0 -> either uo or unys o

=> E is contained in a curve (Ux : 0 or My = 0) Il



construction of f : divide into cases

mi

8) peE is an isolated point

define
,
in the "flat" chart z

L f : =- y Df = (2)



Interesting situation : JCE simple closed curve

subcases according to the holonomy of 5 :

S139 = 03 has a half-translation structure
-

M
dev : S139 = 03 -> I

g:1 (S1 (9
=02)- (z+ 1z + c3

holonomy

: R- C

5 (t + 1) = g(r)5(t)



1) e(t) = id E) 5 is covered by a single
chart !

&
-

2) e(t)(z) = - z + c - rotation around
(can assume c = 07

* int
f :=+y2 +( -z) = f(z)

2

f = (i)



3) e(r)(z) = z + c

need to~-- fund f periodicC

imj zrezt -

Warning : if J is a horizontal (vertical) line,
-

then it is impossible to fundf periodra
with fax so (fyy > 0)



Luckily this never happens !
-

Leuma : A smeth curve 8 : (a ,
b) - EcS

-

is never a goodesic for the Enclidean metria
-

(E) for the first fund , form)
at peE

, ↑h(p) = 0

See later for a sketch.



Go back to case 3
.

Build f as follows,

A

# +=
(x X0) 2+ (y - yo)

"
define f

c = (X0
,%0]

·↳ Dif =(I(
T f = Ey2 through its Hessian

IDit : ( ? Want : Dif = (
- 1 3(x)

(3(x) 1



impose Dif = (
1 + (y - h(x))3'() 3( I3(x) 1

3 =2 ((0, 81)

Important : gradient has to increase

-

by EXo , Yo]



Explicity
,

we need :
5 E

S
.

3 (x)dx = yo & S3(h'()dx = -X

O

Find 3 + 2/10
,
01) satisfying these

conditions

The map 28/10
,

011 -> 12
5 J

21- ((3)d , (37h (d)
is surjective .



By contradiction
,
if dim/image) = 1

,

then Ex

J S

↓ 3)dx Fze((0 ,
&Df3(x)h'(x)dx = I

or &

=> (3() (h'(x) - 17dx = 0 +3 + 2: /(0
,
51)

O

=> h'() = x => E is a line .



Sketch of the proof of the Lemma :

if I is a live
,
then 5 should be a

minimal surface with a 1-parameter

family of symmetries

Du = 2 cosh (24)
j

wlix = 03
= O

du /s : 03
= O

vertical synmetry by translation

(Cauchy - Kowalerskaya



Picture :
horocyle

e

13↑

[XE this minimal- surface is

- parabolic invariant
- und has no pointsS

where I = 0

while 5 lifted fromS must heve

zeros of I (E) zeros of 9) Il


