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A Riemannian manifeld (Mih) is hyperbolic
if h has sectional curvature = - 1.

If h is moreover complete , then MEMY/N
↑ Isom (t") torsion-free

,
discrete

↑= M -E
We will focus on hyp . manfolds M = EXIR

home- I

I : closed evented surface of genus = 2



Therem (Kahn-Markonic 2012)

If M3 is closed and hyperbolic ,
then

#M contains2 I = closed oriented
l

S
surface of gens 2 I

many !
~ g2g

=> the covering ise M such that
1

PrM = G= I
,

the =IXIR
differ



Def (M= ZxR ,
h) is quasi-Fuchsian if M

contains a compact
, geodesically convex

subset
.

T < PSL2IR < PSLeE
Ex "Fuchsian" man folds

Isom 12 Isom 113

i
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Idea : locally length minimizing
-

2
kL0

dim = 2 find a Cunique geodesic
E representative of a closed curve

in the houstopy class

locally area minimizing
&dim =3 look for a minimal
-

- representative of a

closed surface in the

honotopy class



Def An embedded surface Sc(MP
, h) is

-

minimal if for every smath variation St

So = S

(compactly supported in KCCM)
S7tes(

Area (stR h
# H : = tr = or
# = first fund , form mean curvature

# = second fund , form
Le
., 22) I-erthonormal frame

# (X ,Y) = < XY
,

N >
H= (e

<
en) + # (e2

,22)



·Schs-Chenbeck , Shoe-Yan o the
M contains a closed minimal surfaceE

homotopic to [x3 * 3. E
· Anderson186 ,

Huang . Wang 115

-

The minimal surface istunique in general,



Def (M = EXIR
,
h) complete , hyperbolic is

Tweakly] almost- Fuchsian if M contains a closed

minimal curface homotopic to Ex303

with principal curvatures in (-1
,
1)

A [ - 1
,

1]

eigenvalues of II
concretely ,

one can find an I-erthonormal frame

such that *= I(e
,
en)

, M
:= (22

,
er)

minimal x =-u #(en ,

22)= (e
,
en) = 0



Chlenbeck's observations (1983)
-

1) for MEEXIR
,
At =>·Question : does WAF imply &F ?

-

Answer will be YES

2) for MEZXIR

WAF => uniqueness of the minimal

surface in the homotopy class

of Ex3 * 3



mesults (with M
.

T
. Ngnya & J .

M
. Schlacker

"Confecture" (v2000's]
-

In the definition of AF ,
one can remove the

adjective "minimal"

Def (M = ExIR ,
h) complete

,
hyperbole

is nearly -Fuchsian if it contains
a closed

surface with principal curvatures in (-1
,
17

"Cejecture" NF- AF



Teorem (Nguyen-Schlenker-S .
125)

If (M = EXIR
,
b) is weakly almost - Fuchsian ,

then M is nearly-Fuchsian.

Bunk The theorem still holds true

in a neighborhood of WAF manfolds .



↓ Later today openness-
-

AFWArNF
ava

Collary1 Every WAF manifeld is &F,

↓
rollary2 There are nearly - Fuchsian

manifolds that are not almost- Fuchsian



Ne There exist weakly almost - Fuchsian

manifolds that are not almost Fuchsian

3) Back to Whlenbeck : Parametrization by
-

holomorphic quadratic differentials

F If SCH is a minimal surface
,

(F,)

then II = Re(q)
,
for g a X-holomorphic
quadratic differential

X = [IJe conformal
class



WHQD
? HxI

locally z = X + iy
I = e2u(dx2+ dyz)

q
= (a + ib)dz
= (a + ib)(dx2 - dy2 + 2idxdy)

Re(al =
a -

b
-

is symmetric(
- b - a

( and traceless

Moreover , Coduzzi equation # CR equations
for 9



the map (1
.
17-- (X

,
9]

AF(E) -> T* (2)

is injective (differ anto its image)

Bronstein - Smith 124

#theimage of this map is convex

in every fiber !



mmmto deal with this problem ?

For (X
,
9) fixed

,
we wish to construct

(I
,
IT) satisfying the Gauss-Codaze

equations
I = eho

ho hyperbalia metric
I = Re(9) [ Uniformization Theoren)

Need to solve Gauss' equation for u :

RE = - 1 +det e (-1 - (n) = - 1-e
*

119h
= Qu = - 1 + e*+ e

-

1912



Fix gz TAb (I) = Ho(X, KX2) . Look at the
ray IRs: 9

llullon -

- WAF but not AFI ·L
↓

" to
massimal tima

Fuchsian for At solutions



"Conjecture" : was motivated from Geometric Flows
-

Ben Andrews' ICM paper from 2002 :

Geometric flows in $3 that evolve by functions
of principal curvatures

= Carta dtotarctamN
with good properties A

evolution of the Gauss maß

in $2x$2 by mean currature flow



Analogous flow in 13 :

= Carctanhxt + arctanhuN

A
Problem :onlydefinedse evolution of the Gauss map

by mean currature flow
in a para-Rakler manifeld

As long as the flow

exists
,
arctacha + aratahl decays exponentially

So
,
long time esistence => for t= 0

archand + arctanhe : 0 = X = -M


