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We will discuss several applications/consequences ofi

Corollary (S .

- Smith-Toulisse'23)

Let it be a hyperbolic group with O4- SP1 , and let

9 : T -> PO(p , 9
+1) be a IHP-couex-cocompact representation ,

Then there exists a g(i)-invariant spacelike submafold
p
& HP19 on which the action of g(r) is property discontinuous

S

and cocompact.

[I is constructed as the unique complete manimal Isubmani fold with &I : proximal limut set .



#- About the hypotheses on M
-

Lett be hyperbolic , traou-free
,

&NE SP-2.

Theorem (Bartels-Lück-Weinberger 1107
-

If p:6
,
the N = I M for

-

M = topological closed p - manifold with MEIRP
home

Crollary (SST 123)
If fin - Po(p , 9+1) is HP1-carex-cocompact ,

Proof :

then TE M for 3 M : = (t)
M = smath closed p - manifold with MEIRP (ediffer



Fat (Bartels-Lück- Weinberger 1107

For every k : 2 ,

there exists ↑ hyperbolic ,
torsion - free ,

& 542-1 such that it is not isomorphie to the ith
I

of a smooth closed aspherical manifold.

Corollary (SST)
-

49
↑ as above does not admot any -convex-cocompact

representation for any 9 ? 1.



ECurrature properties

Question : What can we say on I
,

hene on M and M ?

&decrie-Toulisse : if p = 2
,
then-1Rz < O

and if 7 x / k(x) = 0 ter kz = 0

=> I is a
Barbot ourface in

&cH29

Conjectura (?) I has non-positive sectional curvature
- for any p
This would imply

ME #1 (non-positively curved closed swooth marifold)



↑riani - Trebeschi For any P19 1
-p(p-17 [Scalt < O

and Scalz (x) = 0 => Scalz = O
M&
classified

-

Scale = -p(p - 1) + 11112Ruk



# Closedness of IHP19-convet-cocompact representations
-

Theorem (Beyner-Rasse 123)
-

Let P .GEIN , P 22 ,
921

.

Let ↑ be a hyperbolic group
with OP SP ? Then

3 Hi
.9 convex cocompact representations S c Hom (4 ,

Po(p , 9+1)7
e = N -+ PO(p , 9+1)

of finite barrel

is closed
,

hence a vion of connected components.



Ble The theorem does not hold if &-Sk-1
,
te < p .

Indeed
,
one can take M a closed hyperbolic monufold

admitting a totally geodecic closed separating hypersurface N -

↑
MIN = M

, UM2

e. g. if h = 2
,

M = closed surface, N = simple closed geodesic

mNe- Mu
Consider :

: M -> g(k ,
1)-> Po(p , 9 + 17

hal

-I. )]



Idea : construct to as + "bent" along N of an angle 8.

IHP JJohnson-Millson)
.......

...

-----I ......-- ·= = ==I- -
Mk

8 = 0 8 = E 0- π

Concretely ,
M = M *An AM2 Ro = rotation

around

the Ck-1) - subspace
20(8) : = Nelr ifreiTM1 fixed by e(n,N)2 RoeGIRod if SeitMa

Well-defined since Ro commutes with p(itiN)

For O = A
,
the representation fails to be discrete and faithful.



of HP1"- convex-cocompact componentsE
-

· If MP is closed hyperboliz and contains a totally geoderic
closed separating hypersurface N

,

then the component of

-

9 : ,mm0(p ,
17 - Po(p ,9 +1) (idal

admits Zariski dense representations .

"non-trivial higher higher Terchmiller space
"



Idea : bending as before

If 9 = 1
,

( + (r) : = Ne(t) ifreiTM1
t

ionon For higher as1 1

need a totally

fly
P,
2

(r)
geodesic hyper surfaces.



· M need not be hyperbolie :

-> Monclair-Tholozan-Schlenker 23

MP= Gromov-Thurston manfold (non-hyperbeve if p >3)

9 : M + PO(p , 2) HP"
- corvex-cocompact .

-> Marquis-Lez
not a

- hyperbolia[

↑ = firte-index subgroup of > a Coxeter group lattrce

e : T - PO(p , 2) HP" - convex-cocompact ,

· Marquis-Lee : examples of ↑, &TESP-1 , admitting&

a 1HP19-conver . cocompact representation for q : 2

but not for 9 =0, 1.



Outline of the strategy ofBeynerRassel
-

suppose a + 9 where each In is AP19-convex-cocompact ,
N

We want to show that so too is for

1) EachIn preserves a complete maximal submanfold In

By the dichotomy ,
In-Eo

,

where Io is

complete maximel
,
or degenerate "neakly spacelike".

B) In any case, fa(t) acts properly discontinuously and

cocompactly on Io Cuses the fact that I(002)



2) If g : N
- Po(P1911) is discrete and preserves a

properly embedded (weakly) spacelike [with

[ (002)
,

then TFAE :

1

i) I is hyperbolve

I ii) (x
, y
& [ XX

, y) +0*

mi) f(t) is HP conves - cocompact ,

A
,

satisfied by Eg as in ( or by any I spacelike

R On the Barbot surface
,
there are actions of N = TL ?

LEIR)



Corollary (BR + SST)

Let it be a hyperbolic group with &4 = SP-1 g

Them p : T -> PO(p , 9
+1) is IHP-couex-cocompact E

9 (i) acts properly discontinuously and cocompectly on
p

a complete spacelike submanfold [CHP19
M

I
can add "maximal"


