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Goal : sketch of the proof of the following theorem :
-

Therm (SST)

Let & c &Ps be a non-regative (p-1)- sphere.

Then there exists a unique complete maximal

submamifold 20c IHP19 such that 02 = &
.

Moreover
,
I is contained in the conver hall e(A).



&bal strategy-forexistence : continuity method

Construct &1+Stato
,
17
a continuous family of

non-regative /p-17- spheres
,

anch that No : @ (totally geodesia THR)

let J : =3 +eto. 17175 complete massimal submenifold
,

GE = 1+ 3

then J +I because OCJ I

Want to prove thatJ is closed and open
-

↑ I
easier harder



· troof of "existence" part

We need to work with another model of FP19 :

Define 4 : BP + $9 - #P . 9

y(u ,w) =,1 M M

IRP 129
+ 1 IRPDIRT

1

Ildull
Then :

4 GBP
2( y

*gi-lis
2 2

-(in) (85 - 9597
= +

2

(85 - 9997
y (0 . $9) = - $9



Censequences :

· A spacelike submanfold [Pa FTP .9 is leally the graph

of f : -$9 ,
IldfIl < 1

Pf : being spacelive only depends on the conformal class of
the ambient metric

· A complete submanfold [P #P
.
9
is gally the graph

of f : $- -$9 IldfIl < 1

Pf : : -HP is a local differ and increases distances

=> it has the path lifting property
=> A is a covering map -

It is a differmorphism



Morever
,

the map y extends to the boundary :
1

& y : $p
-

=59 - do HP19

&y (n ,
w) = (n

,

w) e RE9
A M

IRP 1R9
+

Like for 12
,
Do has a conforma prendo - Riemania

structure of signature (p-1 , 9) preserved by the group of isometries.

Under dy , the conformal metric of OP is given by

[gyp-1 - 959]



Concequences :

Let &CBIP9 be a subset homeomorphic to SP-1
.
TFAE :

:) &COMP1 is a non-negative (p-17-sphere
~

i & aduits a lift 1 cPoPG such that Ex
, ye *, ,>20

~

i) & aduits a lift 1 = graph (f : $P"- $9)

- 1-Lipsclitz ,
im (f) does not conten antipoded points

i) & aduits a lift = graph (f : $P"- $9)

- 1-Lipschitz ,

such that f(-x) = f(x) Exe DP-2

i) > (ii) : < (p , f(p))
,

(9
,
f(alc = < p , 9) - <f(p) . f(97 >=

= cosd(p , a) - cosd(f(p) , f(q7) =0 <) d(f(ph .

f(a)) = &(p . 97



· DeformingX
Now

, given * = graph (f : $0
-

2- $9)
,

we want to

defam it continuously to Xo = graph (constant map

Fat : If f : $P--> &" is 1-lipschuff and im (7) does

not contain antipodal pants ,
then im (7) is contained

im an oper hemisphere .

Then we can deform f to the map
T

E identically equal to the center [ of the

imm hemisphere .

f (x) = geodesic between f(x) and C
parametersed at constant speed

At + to
,
17

,

fo is 1-lipschitz .



· Closedness of J
1

Let In be a sequence of complete matimal rubmanifes of HP19,
~

let Ani = &In
. Up to a subsequence, we can assume that

- ~ Ascoli-Arzela
In -Io and Anna =for 1-Lipaditz maps

in the Hawsdorff topology.

Moreover
,
Io = gr (f : $ +$9 3 1- Lipschitz~

↑ = gr (8f : $p-1- 597

Dolo = Mo
-



The we have the following dicotomy :

7) if No contains antipodal points ,

then Ig is a

Lipschitz submanifold foliated by lightlike geodesies

2) if No does not contain antipedal points ,
then Eg is

a complete maximal submanfold and the convergence
I

is actually 28

So
,
if tre J (i . e . there exists Etn with DoEta = Ain>

,

F,Sinisanonnegative-se s
2



Comments on case 1 :

If to : $P-2-$9 is 1-lipsdutt and foot-to) = - fo (t)
,

the fo (geodesic connecting to and-xo) : geoderic connecting
f(xob and-f(xo)

->·
fo

%·

Xo

S for is isometric when restricted to these geodess

=> graph (foo) is follated by complete lightlike geoclasics-



Comments on case 2 : we use

· A theorem of Ishihara giving a uniform bound on 11

for any complete
maximal p-subman fold

m Ascoli-Arzelà type argument
assuming TpEn -> spacelike p-sebspace

P. 9of Tpat

· Elliptic regularity to infor 20-convergence
~

· A Lie-theoretic argument to show that
, if No does not

contain antipodal points , then TprIn cannot become

degenerate in the limit
.



· Operess of J

The Let /Artec 3
,
27

be a smoothly varying family of sweeth
1

spacelike (p-1) -spheres in 0 HP9
If there exists a complete maximal submanifeld [PcIP19

~

with 820 : So
,

then
, up

to restricting E
,

there exists a

amooth family (Itess) of complete
maximal subman folds

-

with 80 [+ = 1+.

So
,
we apply continuity method only to A smosth.

The general case follow by approvinating & by smooth sphares
+ dichotomy .



· Proofof uniques" part

Suppone En
.

In are two complete maximal submanifelds in #PS
with &g E = DoZ -

Consider The function

2
,
xE
,
FuR

*, y) ex
, y>

If I
.
FI then supfe 1-1 ,0]21

· using didstomy ,

reduce to the case where the sup is attained

· at the maximum
, Hessf = O

~
contradiation using marmel condition



· Proofof moreover" pat

,
we have (in IRP

+ 9+1)Given two rester fields vW

(D
-W). : (DW), + < V ,

W>

= (XW)= + I(r
,
W) + e VW>

New
,
let y : RP

+ 9+ be a linear form and that Ula30.

We have

Hess (y(z) (V , v) =
d 1
t ..

+(r() = -(
.

+(t)
dt

-

I
= y (I(v ,v7) + =V

,vcy(x)
↓ geodesic , -(0) = +, 8'(0) = V ↑Di = 0



sei ? athonormaltaking the trace not I, - basis for I

(Oy)(x) esiveeicy(x e a
i = 1

-
=O

So if Y/a30 ,
then 41z20 :

if P(x)40 for some -
,

then I has a negative minimum
-min

=> (2y) (win) = Py(Xmin)
- - #

28
20


