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Gaof electure

Corollary (S .

- Smith-Toulisse'23)

Let it be a hyperbolic group with O4- SP1 , and let

9 : T -> PO(p , 9
+1) be a IHP-couex-cocompact representation ,

Then there exists a unique g(i)-invariant sweeth,
complete

, spacelike ,
maximal submanfold [CIP19.

Moreover
, p(r) acts properly discontinuously

and cocompactly on I .



Maximalsubmanifolds
-

Let ICIPa (or Mi19) a p-dimensional submow fold

· I is spacelike if I= L
*

&Ap
is a Riemanman metric .

· I is complete if I is a complete Riemanman metric.

Recall the def of second fundamental form :

given X
,
7 rector fields in UCI

, per

* Y(p) = X Y (p) + #I (X(p)
,
+(p))

un un

-TpZ ENpZ
Il

(TiZ)T



[ is totally geodesia If I = 0-

The rector H = Tr is the mean currature rector

# : TEXTE-NpZ NE = R9
↑ p P

Take 3V
.
- , Vgh orthonormal basis for Np[

- # Vj > is a R-valued 2- form me trace using I
Pi Craise an index and traal

Concretely , H(p)= I(e:, 2:) for leil any erthonemal basis
of TpZ

Finally
, I is maximal if H=O.



Ext I is maximal

E for everysweath variation ut : - ->
P9

,

voir
,

such that ut = 2 eutside a compact subset R,

dt

d

InVol (I + uR) = 0 ⑳= 0

Indeed
,
setting 3(47 := tip

Vel(zink) =2 H dueS
Enk



Hence
,
if H(p) * 0

,
let f :I - IR a compactly

supported function with f(p130 ,
+ 20

let ht be a variation such that

↓ t3= = H

The

*Vd (FR) = -2)fCHHd-
Inme

20



Moreover& Vol (InCon
↑

uses signesture
and sectional currature

of HP19

Here masimal submanifeld are local maxima of volume



I
. Asymptotic bondaries
--

Recall that a subset &CPRcRAP
+ C

is

· positive if VX
, y ,

ze
,
XoyezcRP9" has dimension 3

and signature (2 , 1)

· non-negative if Fx , J .
71

, +Ayz does not contain a

negative definite 2 - plane

If A is horcomorphic to SP-1 and positive (non-negative),

then it will be called a positive (non-negative) (p-1) - sphere



Therm (S
.

-Smith-Toulisse 123]

let &&Ps be a non-regative (p-1) - sphere
Then there exists a unique complete maximal

submamifold 20c IHP19 such that 02 = &
.

Morcover
,
I is contained in the correr hall t(A).

E & c &H is a non-negative (p-17- sphere
E TIP complete spacelite submanfold

such that OpZ = & ( "complete"
can be replaced &Hv

by "properly embedded"



Runk The theorem does not hold for EPc #P. 9
, kap , p = 3-

-

In fact , there exist Jordan curves & <Og that

admit several minimal disks [icH
,

isI
,
with 82 : /.

(Anderson 186
, Huang-Wang 15

,
Love-Huang-S . 123)

Fucluding H HP as a totally godesic subspace
~ (Ei) are maximal I-dimensional submanifelds with

&
o
v (Zi) = &i (17 ,



I. Invariant submanifolds

Corollary (S .

- Smith-Toulisse'23)

Let it be a hyperbolic group with O4- SP1 , and let

9 : T -> PO(p , 9
+1) be a IHP-couex-cocompact representation ,

Then there exists a unique g(i)-invariant sweeth,
complete

, spacelike ,
maximal submanfold [CIP19.

Moreover
, p(r) acts properly discontinuously

and cocompactly on I .



Proof of "The SST= Cor SST
"

- non-negative
T-

Let A : = proximal hurt set of e = a positive (p-17- sphere.

let I be the complete matimal submanifed with PE :& .

· Since & is p(57 - invariant
, by uniqueness . E is p/th-invenient,

· For uniqueness , by DGK
,

if I is a complete submanifeld

which is 2(57 . invariant
,
then Gol = A

,
so one can

apply uniqueness in SST
.

· Finally ,
[c[/M) and is a closed subset

=> e(t) -I is prop ,
disc

.
and cocompact ,


