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EPseudo-hypedic space
Given x

, yePRP
+ 9+ let

p+q +1

= x
,y) : = 2 xiyi -2 Di (i)

i = 1

We define :

1 P19 : = 3xc(
P+* ( xx

,
x) = - 132

= IDix$9

The restriction of <> endows #P19 with a

pseudo - Riemannian metric of signature (p.9) and

constant sectional curvature -1.

Isom HYP = 0 (p . q + 1)



Then define

IP := MiSid
=

= Di x $/(vid
,

- id)c
3-> IRPP

+9

-

endowed with the metric induced from 1P.
9

Isom HP . " = PO(p , 9+1)

We have moreover

&FP : = 3xzIRP** ( x x
,
x =03/10-

= $$9

*9 #P =3xP( =

/Resid
-
in

Il

&(IHP.9) a IRP
+S



Examples =>
-

· I po
_two-shelted - X. - I 1

-

#P = P

· 1991 = 13 = ($9 - Espherical metral(

IHi9 = (IRIP9
,

- Espherical metria)

Both 1HP and-RIPa embed in 1119 as totally
geodesic submanfolds (pt

e

(



Alfrecharts
In the affire chart A = 3xP

+ 9 + 1

#03 We have
peqt

p + 9
2IPan Aptata =& - [x .
- Xpag + 1 < 0 . Xptqy ,to 3I

i = p + 1
2:= IPYXp+q + 1

= 1, ti < 13
i = p+ 1

X +

ti =i -
Xp +q + 1



Some pictures in Ap (p + g = 3) ~H

Klein· InA-S13 model of

H3

· I 1 Ap = 3t" + te-ts-13

CHP1 is also called Anti-de Sitter

·
htspace of dimension p +1



#
iP

is also called

·

II (minus]of dim p+ 1

- IRIp
2

· Ie 1Ap = IR3
= affire chart for IRP3



#↳ Conver cocompactress
-
-

Definition (Daniger - Guéritand - Rassel 118 7
-

A discrete subgroup ↑<PO(P,911) is HP19-convex-cocompact
if FCcHP19 such that :

i

. e ,
C is corvex and

-
1) C is closed and properly cavex bounded in an affine chart

T- Automatic ifI irreducible
2) I has non-empty interior < I Lie

,

does not preserve any
~ active subspace of1RP

+9)pr-
&

3) Of2 = [Pr does not contain any projective line sequent g
4)↑ preserves C and TA C AutomaticM-----

is proporly discontinuous and cocompact ,-90-



Runk Wa will work with representations e : T- PO(p, 9 +1) with
-

& (t) -convex-cocompact . We will assume :

· I has always finite kernel
, 3 =>p injective

# e is sometimes also torsion-free

* )]-
Echeit01/ pocrat (E)is IHP19-convex- cocompact
(take C = thickening of IHPcP19)

Examples come from AdS geometry
too.



Theorem (Daniger - Guéritand-Kassel 118)
The space

e = n -+ Po(p , 9+1)

S of finita Kernel S c Hom (4
,
Po(p , 9+1)7

e(N) Il corex cocompact

is open .

This will follow from stability of the Anosov property.



#I Anosov representations P-= Stab(Isotropic line in IRP9
+

1)
-

Let it be a word hyperbolic group. ↓
A representation : -> Po(p

, 9+1) is Pe-Anose if

there exists a continuous
,
f-equivariant map

3 :05 - @gP9 ( = PO(p19(P)
such that :

↓ Z is transverse : FMr
,
Me CON , MEM2 => 3 (4 . 743(Ma)

+

It 3 injective ( T
-

Automatic
i 3 has an associated flow with a uniform

- -

contraction property * Automatic if e irreducible F-gI (Guichard-Winnhard] Im -



Ral The most important consequence of i) is :

3 is dynamice - preserving

i.e , if I has infinite order,

3.
attracting fixed point) = attracting fixed point
of 5 in & m of 2(r) in 819

-L

el) is proximat i e , has a unique
- -

attracting fixed pat

Moreover
, 3 (05) = proximal limit set of e(t)
-

= Sattracting fixed points of proximal ely's 3



E If 9 = 0 , p : P - Polp,
17 is P1-Anosov

=> e is HPl-convex-cocompact in the classical sense
.

&definition A subset Mc8 Rac RAP +C is

· positive if VX
, y ,

ze
,
XoyezcRP9" has dimension 3

and signature (2 , 1)

( (0yAz) 1HP. is a copy of 2)
· negative if Ex

, y .

ze
,
xoyezcRP9" has dimension 3

and signature (1
, 2)

(E) (voyz) 1HP-2 .9 + 2
is a copy of H2)



Geometrically,

(r) (i)
positive otpositive



Et If &C & HP is closed
,
connected and trasverse

,

then 1 is either positive or regative.

Theorem (Canager-Guaritand - Rassel 118)
-

Let 1 : T - Po(p ,9
+1) a discrete representation .

Then

I has finite keruel ↑ is word hyperbolic
-

& 4) &

e (T) is IHP - convex-cocompact e is positive Pr-Anosan

↑
the protimel but set is positive

Similarly ,

e (t) is IP-v
. 92[convet-cocompact ECC is negative Pr-Amosov



Corollary

e : T- Po(p , 9 +1)

S of finite kernel S is open in Hom (T
,

PO(P
,
941))

2(r) HP19 · corvex - cocompact

(P1-Anoser property is open)

Proof Idea :

·

# eCT) a t(X) = comehulltheset of e (r)

is properly discontinuous and cocompact,



Il

=>
"

Use the Hilbert metric d on

M = maximal invariant proper convet domanin

2 dual of the core hull of 1Y

~ (C
,

d) is Gromor hyperbolia
~

-> i is hyperbehi (Milnor . Svare]

Moreover
,
the orbit map T -+ (C

,
d)

estends to a transvese continuous map

3. &P + &C EdoC = Xc & HP9


